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Abstract 

In this brief note we present a zero-curvature representation for one of the new integrable systems found 
by Mikhailov, Novikov and Wang in nhn.SI/0601046 



Introduction 

The zero curvature representations (ZCRs) are well known to be of paramount importance in the theory of 
integrable systems. Indeed, knowing a ZCR involving an essential (spectral) parameter enables one to use 
the inverse scattering transform (and/or find and use Darboux and Backlund transformations) and construct 
plenty of exact solutions for the system in question, including multisoliton and finite-gap solutions, see e.g. the 
classical monographs ^ |21 El El and references therein. 

However, for integrable systems discovered using the symmetry approach, see e.g. 1^0 El 13 El and references 
therein, there seems to be no straightforward procedure leading to a ZCR suitable for the inverse scattering 
transform (the ZCRs arising from the recursion operators often lead to pseudo differential spectral problems 
that are difficult to handle), so finding "good" ZCRs for such systems can be rather challenging. 

In this paper we present a ZCR for a new integrable system of the form 



(Jj-f^ — ^XXXXX ^^ '-*''-*'XXX 'JkJUj^ ^XX I OL/CX ^x 

Wt = —6wUxxx — '^UxxWx + S^QwUUx + IGtHajU^ 



W:r 



(1) 



found by Mikhailov, Novikov and Wang [^ using the symmetry approach. This system is bihamiltonian and 
possesses a recursion operator |31. More precisely, Eq.(P) can be obtained from another integrable system, 
Eq.(lOl) of [5], through a simple invertible change of variables, and hence the recursion operator, Hamiltonian 
and symplectic structure found for Eq.(lOl) in |5j can be readily transferred to (^. 
Setting w = Q reduces Eq.(^ to the well-known Kaup-Kupershmidt equation 



tX^ — ^XXXXX ^^ ^^XXX (_)L/ti|j; ^xx I OL* CX f^x ' 

The ZCR for ^ is readily extracted from the corresponding Lax pair j^l and reads 



At-Bx + [A, B] = 0, 



(2) 



(3) 



where 



-u 



B 



I 



\ 



and 



2u^ 



?,2uux + 24An 



Au^ 



-Uxxxx + ^8uUxx + 16u^ — 12Xux — 16n^ + 72A^ 
AXurr - 20An2 



r - 32u^ 
-48Xu 

&32 



-144A 

Auxx - 32n^ 
-2uxxx + S2uUx + 24Xuj 



(4) 



"32 



-Uxxxx + ^8uUxx + 16u^ + 12Aua; — Wu + 72A 



1 



We succeeded in modifying the above A and B in such a way that the resulting matrices go into @ if ^t; = 
and yield a ZCR for (UJ if u; / 0: 

Proposition 1 The matrices 

/ -2 



A 



B 



-u -2 

1 w 

72 A +^ -' ° 

/ 2n3;^^ - 32u'Uj; + 24An 4na;a; - 32^2 -144A 

-Uxxxx + ISnUaja; + IQui — 12\ux — l&u^ + 72A^ + w — 48Ati ^Uxx — 32u^ 



_ 2 w{Uxx - 8u^) 

where 



(5) 



^ AXuxx - 2Q\v? ^^— 632 -2uxxx + 32u'U2: + 24Aiiy 



632 = — ttxxxa; + ^8uuxx + ISu^, + 12Atix — 16u + 72 A + w, 
provide a ZCR for ^ with a spectral parameter A, that is, the matrix equation 

At-Bx + [A,B] = Q 

is equivalent to (0j for all X ^ 0. 
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